Abstract -We delve into spin Hall effect in generic spin-orbit coupled two-dimensional fermionic systems. We derive analytically the spin-orbit force responsible for the spin Hall effect, and find that it has 'Lorentz force'-like form. We also derive the pseudo magnetic field responsible for this force. We establish the relation between the spin Hall conductivity, flux quanta and this pseudo magnetic field, similar to the one between charge Hall conductivity, flux qunata and the external field. We also present an exact closed-form expression of the spin Hall conductivity in a generic spin-orbit coupled system. Depending on the dimensionality of the spin-orbit interactions, the spin Hall conductivity depends on different combinations of Rashba parameter and fermion density.
I. Introduction. -The (charge) Hall effect [1] , which exists due essentially to the Lorentz force, is a well known phenomenon of condensed matter physics. Similar to the charge Hall effect, there was a theoretical proposal that dc electric field can generate a spin Hall current in electron/hole gases in III-V zinc blende semiconductors such as AlGaAs-GaAs [2] [3] [4] [5] [6] . This effect is also called intrinsic spin Hall effect (SHE) where spin accumulates on the edges parallel to the external electric field. The directions of the accumulated spins are opposite on the opposite edges. It is similar to the charge Hall effect, where charges of opposite sign appear on the opposite edges. The main difference is that contrary to the charge Hall effect, there is no need to apply any magnetic field. A similar effect known as extrinsic spin Hall effect had been predicted by Dyakonov-Perel [7, 8] and Hirsch [9] long ago. It is termed extrinsic as it necessarily requires spin dependent scattering from magnetic impurities. In contrast, the intrinsic spin Hall effect is due entirely to spin-orbit interaction (SOI) and occurs even in the absence of any scattering process.
Two independent groups have demonstrated experimental evidences of the intrinsic aspin Hall effect [10, 11] . It is believed that the intrinsic spin Hall effect has been realized in 2D spin-orbit coupled heavy hole systems by optical (a) paul@iitk.ac.in (b) tkghosh@iitk.ac.in means. The observation of spin accumulation established that there is a flow of pure spin current transverse to an external electric field. A pure spin current is thought of as a combination of a current of spin-up electrons in one direction and current of spin-down electrons in the opposite direction, resulting in a flow of spin angular momentum with no net charge current. Thus the intrinsic spin Hall conductance cannot be obtained by (charge) current measurements.
Although there have been numerous studies on different aspects of SHE in various condensed matter systems [12] [13] [14] [15] [16] [17] [18] , not many of them attempt to understand the origin of SHE. Li [19] and Nikolic [20] et al have tried to explain SHE by deriving the pseudo magnetic field from Lorentz-like spin-orbit force only in a Rashba coupled 2D electron gas. But the study was incomplete as Lorentz force involves velocity which, for spin-orbit coupled systems, is not simply proportional to the (crystal) momentum but involves additional SOI terms. In our investigation, we calculate the spin-orbit force with the correct velocity expression, derived in the context of twodimensional fermionic systems with generic spin-orbit interaction. We observe that this force has a Lorentz-like form, which consistently explains the flow of opposite spins in opposite directions. Then we seek to extract the corresponding "magnetic field" for this Lorentz-like spin-orbit force. We know that charge Hall conductivity is inversely p-1 proportional to the external magnetic field. We seek to find out the existence of a similar relation between spin Hall conductivity (SHC) and this pseudo magnetic field. In the later part of this work, we calculate the spin Hall conductivity and establish an inverse square root relation with the spin-orbit (magnetic) field. This relation also involves the unit of (magnetic) flux quanta, which is significant from the fundamental point of view. Our results also indicate the dependence of SHC on spin-orbit coupling (SOC) constant and fermion density through the higher order terms.
This report is organized as follows. In section II, we briefly mention the generic spin-orbit coupled Hamiltonian, its energy eigenvalues and the corresponding eigenfunctions. In section III, we derive Lorentz-like spinorbit force and extract the spin-orbit interaction dependent pseudo magnetic field. In section IV, we derive exact expressions of spin Hall conductivity for the generic systems and show the relation between SHC and the spinorbit field. We provide a summary of our work in section V.
II. Generic spin-orbit coupled two-dimensional fermionic systems. -The Hamiltonian of a single fermion of mass m and charge q in a two-dimensional fermionic system with a generic SOI [21] is given by
where l = 1, 2, 3 and α l is the spin-orbit coupling constant whose dimension varies with l. p ± = p x ± ip y and σ ± = σ x ± iσ y are the complex representation of the momentum operators and Pauli spin matrices, resp. When l = 1, the Hamiltonian represents two dimensional electron gas with the k-linear Rashba [22, 23] or Dresselhaus spin-orbit interaction [24] . The spin-orbit interaction corresponding to l = 2 arises when an in-plane magnetic field is applied to the 2D heavy hole gas [21, 25, 26] formed at the GaAs heterojunctions. In this case the spin-orbit coupling constant varies linearly with the applied magnetic field i.e. α 2 ∝ B. Therefore, k-quadratic spin-orbit interaction is invariant under the time-reversal operation. The kquadratic term is dominating in the high symmetry growth directions [001] and [111] of the heavy holes in GaAs heterojunctions. For l = 3, the Rashba spin-orbit interaction is cubic in momentum [27] [28] [29] . The k-cubic Rashba spinorbit interaction is present in 2D heavy hole gas as well as on the surface of Sr 2 Ti 3 . Typical values of the spin-orbit coupling constant α l [26] are α 1 ≃ 10 −11 − 10 −13 eV-m, α 2 ≃ 10 −20 eV-m 2 for B ∼ 1 T and width of the quantum well W = 2 × 10 −5 m, and α 3 = 10 −27 − 10 −28 eV-m 3 . The eigenvalues are ε λ =h 2 k 2 /(2m) + λα l k l and the corresponding normalized eigenvectors are
where λ = ± denote two spin-split energy branches and
For the given Fermi energy ε F , the above two energy branches give rise to two different Fermi wave vectors k
with k
actually contains two equations; subtracting one from the other gives
The total carrier density n F is given by
One can easily get k ± F for different values of l by solving [16] the above two equations. These are given by
where
Note that the dimension of q l is L l−2 .
III. Lorentz-like Spin-Orbit Force and spin-orbit field. -In this section we derive the spin-orbit force from the generic spin-orbit interaction Hamiltonian. Using the Heisenberg equation of motion, ihȦ = [A, H], we derive, by turn,
We wish to express Eq.(7) in a form similar to the Lorentz force [F L = q(ṙ × B)] acting on a charge particle q by the external magnetic field B.
To do so, we need to know the relation between momentum and velocity for the generic spin-orbit interaction Hamiltonian. One can easily verify that
Putting Eq. (8) into Eq. (7) and rewriting it in the form of the Lorentz force F L , we have
This is one of the main results. The first term on the right hand side of the above equation is exactly similar in form to the Lorentz force F L and one can immediately identify that the spin-orbit interaction dependent pseudo magnetic field operator is
Note that the pseudo magnetic field depends on the twodimensional momentum operator (p) as well as on the Pauli spin operator σ z . It is perpendicular to the plane of the system. The Pauli spin matrix σ z appearing in B (l) so will act on spinor of the injected charge carriers. The physical significance of the last term of Eq. (9) remains unclear. However, the last term does not contribute to the calculation of the average force acting on the charge carriers.
Now we would like to calculate magnitude of the spinorbit field which can be obtained from the above equation. The spin-orbit field produced by a single fermion with the wave vector k is then
The spin-orbit field does not depend on the carrier density for the case l = 1. However, it depends on the charge carrier density for the cases l = 2 and l = 3. For klinear spin-orbit interaction, the spin-orbit field produces by each electron is B eV-m 2 and B
−27 eV-m 3 . For the estimate of α 2 and α 3 , we have used m = 0.4m e and n F = 10 14 m −2 . It shows that the spin-orbit field produced by a single fermion at the Fermi surface is quite strong.
In the spin Hall effect experiment, suppose we inject unpolarized (equal number of spin-up and spin-down charge carriers) charge carriers along the x axis. The spin-orbit force will act on the injected unpolarized charge carriers due to the spin-orbit field produced in the z direction by all the charge carriers. The spin-up and spin-down electrons feel spin-orbit force along ∓ŷ, respectively, resulting in a spin separation across y direction. Thus this spin-orbit field certainly explains SHE.
IV. Relation between spin Hall conductivity and spin-orbit field. -In this section we shall derive the spin Hall conductivity in 2D fermionic systems with generic spin-orbit interaction. Note that the generic SOI (last term of Eq. (1)) can be rewritten in the form of Zeeman interaction as H R = (gq)/(2m)B Z (k) · S, where S = Jhσ is the total angular momentum operator of the carriers and the wave vector dependent pseudo Zeeman field is given by
This field is responsible for the spin-splitting even in the absence of external magnetic fields. For electrons in ntype heterojunction, J = 1/2 and for heavy holes in p-type heterojunctions, J = 3/2. In presence of a weak electric field E = Ex, the equation of motion of a charge carrier is given by dp dt
where 1/τ is the impurity scattering rate, p =hk is the momentum at time t and p 0 =hk 0 is the initial momentum in absence of the external electric field. For convenience, we first assume an ac electric field and in the end we will take the dc limit. Assume a weak ac electric field E = E x e iωtx . The solution of Eq. (13) is given by
The Heisenberg equation of motion of the spin vector S is given by
which, on simplification, yields
whereṠ j denotes time derivative of S j with j = x, y, z.
The pseudo Zeeman field felt by the charge carrier will become time-dependent due to the ac electric field. The charge carrier's spin will precess around the equilibrium orientation periodically with time. In the linear response regime, the dynamic precession of the spin of a particle around the equilibrium orientation can be expressed as
where S (0),λ j (k 0 ) = Jh k 0 λ|σ j |k 0 λ is the expectation value of the spin operator which is initially in the spinor eigenstate |k 0 , λ before the external electric field is applied. Also, Ω λ j is the amplitude of the deviation of the spin from the equilibrium state under the action of the electric field. Within the linear approximation, simplification of the Heisenberg equations of motion yields
and
Note that the out-of-plane spin fluctuation (Ω λ z ) arises due to the applied in-plane electric field, which is linear in α l . On the other hand, the in-plane spin fluctuations are quadratic in α l .
The conventional spin current operator associated with z-polarized spin moving in the y-direction is given bŷ J Note that the spin current operator does not depend on α explicitly. The spin current density at zero temperature is
, where the spin Hall conductivity is given by
In presence of impurity, 1/τ = 0 and hence in the dc limit ω = 0, one can see that the spin Hall conductivity σ sH vanishes exactly. It shows that even a small amount of impurity can destroy the spin Hall conductivity completely.
We consider an infinite system without any impurity (1/τ = 0) and then taking dc limit (ω → 0), we get .
Using Eq. (11), the above equation can be expressed in terms of the B (l) so as
where φ 0 = h/e is the unit of magnetic flux quanta. Two important conclusions can be drawn from the above equation: i) it is directly related to the flux quanta φ 0 although no real magnetic field is applied and ii) it varies with inverse square root of the spin-orbit field B l so (k), similar to the charge Hall conductivity
which is inversely proportional to the external magnetic field B.
Here we shall present exact results of the spin Hall conductivity of different systems with no impurities i.e. 1/τ = 0. For l = 1 (q = −e, J = 1/2), we simply reproduce the result σ (1) sH = e/(8π), exactly same as obtained by Niu et al [4] . For l = 2 (q = e, J = 3/2), we have 
Here again the zeroth order term matches with the value reported by Loss et al [16] . The above two series expansions are valid since q 2 ≪ 1 and q 2 3 n F ≪ 1 for the typical parameters in various systems.
It is remarkable that not only the results obtained by this semi-classical approach are consistent with the zeroth order terms obtained by rigorous quantum approaches (for the cases l = 1 and l = 3), but the expressions obtained are also exact and complete with all the higher order terms, while the rigorous approaches are unable to give higher order terms. This may be considered as a success in view of simplicity, consistency and exactness. Also, we obtain completely new result for the case l = 2.
The SHC for l = 1 is universal in a sense that it is independent of n F as well as on the spin-orbit coupling constant. On the other hand, the SHC for l = 2 depends on SOC constant only and for l = 3 it depends on the combination of n F and α 3 . Therefore, the SHC in general is not universal since it depends on the system parameters for l = 2 and l = 3 cases.
V. Summary. -In this work, we have derived the correct Lorentz-like spin-orbit force with the associated spin-orbit field of two-dimensional fermionic systems with generic spin-orbit interaction. The spin-orbit field is directed normal to the plane and its magnitude depends on the density as well as spin-orbit coupling constant. Furthermore, we have calculated spin Hall conductivity for the same systems and found that it is inversely proportional to the square root of the spin-orbit field. Moreover, it is directly related to the flux quanta although there is no real magnetic field applied. We found that although spin Hall conductivity for 2DEG is universal but it depends on the system parameters such as density and spin-orbit coupling constant for heavy hole systems. One can conclude that spin Hall conductivity is not an universal quantity. * * *
